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Abstract

We give a characterisation of all finite groups whose subgroup lattice does not contain a sublattice
isomorphic to M.

1. INTRODUCTION

For a finite group G, the subgroup lattice L(G) is the partially ordered set of subgroups of G, where the
partial ordering is inclusion. It can be represented by a diagram that is known as the Hasse diagram
(or Hasse graph) of the group G.

An old question, going back to 1928 (Rottlaender), asks: What properties of a finite group can be
deduced from its subgroup lattice? For example, the subgroup lattice does not indicate whether or not
a group is abelian, as can be seen from the subgroup lattices of an elementary abelian group of order
9 and the symmetric group Ss. Subgroup lattices have been widely studied and we refer the reader to
[6] and [4] for further results and background information.

In this paper we classify all finite groups whose subgroup lattice does not contain the following lattice
as a sublattice:
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FIGURE 1. The lattice Mg

This is part of a programme to classify finite groups whose subgroup lattice does not contain a certain
sublattice of the subgroup lattice L1y of the dihedral group Dg. For the sublattices Ls, Lg, L7, Lg and
Mg this had already been completed, but so far Mgy and Lg were missing. There are partial results
available for Lig (see [5]).
After some preliminaries, we look at the relationship between Mg-free groups and Lg-free groups, where
Lg is the following lattice:

E

FIGURE 2. The lattice Lg



As Lg is a sublattice of My, the classification of Lg-free groups (see [1]) is an important tool in our
analysis. In Section 3 we classify My-free groups whose order is divisible by exactly two different primes
and this turns out to be the crucial step towards the general classification in Section 4.

There are numerous places where our arguments follow those in [1].
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2. PRELIMINARIES

Throughout this paper we use the standard notation for lattices as in [4] and standard group theory
notation as, for example, in [3]. Moreover G always denotes a finite group and p, ¢ and r are always
prime numbers. Whenever the primes p and ¢ appear, we suppose automatically that they are distinct.

Definition 2.1. We write L(G) for the subgroup lattice of G, i.e. the set of subgroups of G with
inclusion. In this lattice, the infimum of two elements is their intersection and the supremum is the
subgroup that they generate.

If L is any lattice, then we say that G is L-free if and only if L(G) does not contain a sublattice that
is isomorphic to L.

Whenever we deal with a group G where L(G) contains a sublattice isomorphic to Mg, we use the
notation from Figure 1 for the names of the corresponding subgroups.

Remark 2.2. If H < G, then L(H) is a sublattice of L(G). In particular, if L is any lattice and G is
L-free, then also H is L-free. Moreover, if N < G, then L(G/N) is isomorphic to a sublattice of L(G)
and hence, if G is L-free, then also G/N is L-free.

Definition 2.3. A lattice L is called modular if and only if for all X,Y,Z € L, with X < Z, the
following holds:

(XUuY)NnZ=XU(YNnZ).
We say that G is modular if and only if its subgroup lattice is modular.

Lemma 2.4. If G is abelian, then G is modular.

Proof. If G is abelian, then all subgroups of G are normal in G, so Dedekind’s modular law yields the
assertion. O

Lemma 2.5. [4, Lemma 2.3.2]
A p-group G is modular if and only if any two subgroups of G permute (as sets).

Theorem 2.6. [3, 8.3.3]
Suppose that A is an abelian group that acts irreducibly on an elementary abelian group V. Then
A/C4(V) is cyclic.

Lemma 2.7. [4, Lemma 4.1.1(b)]
Suppose that H < G and that N I G is such that N N H = 1. Then, for all x € N, we have that
HNH*®=Cy(x).

We describe an example of an My-free group that will play a role in our analysis later on. But before, we
recall what it means for a sublattice of L(G) to be isomorphic to My. Let M := {E,S,T,D,U,V, A,C, F}
be a subset of L(G) such that [M| =9 and let L denote the generated sublattice of L(G). Then Figure
1 indicates that L is isomorphic to My if and only if the following hold:
i) TNS=TND=SND=UND=VND=UNV=E

) (T,S)=(D,S)=(T,D)=A
(ili) (U,V)=(U,D)=(V,D)=C
(iv) AnC=D

V) <U75> =(U,T) = <V,S> = <V7T> = <A70> =F.
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Example 2.8. Suppose that G = Di5. Then G is My-free, but not Lg-free. Let v,r € G be such that
o(v) =2, 0(r) =6 and G = (v, ). Here is a picture of L(G):

FIGURE 3. Subgroup lattice of Di5

The sublattice generated by {1, (v), (r?v), (r2), (rv), (v,72), (r?,rv), G} is isomorphic to Lg.

We explain briefly why G is Mo-free. Assume otherwise, which means that L(G) has a sublattice
isomorphic to Mg with our standard notation. Then in particular G has subgroups S, T < A< F < G
and U,V < C < F such that (S,U) = (S,V) = (U,T) = (V,T) = F. This implies that F = G and
that S,T,U and V are subgroups of order at most 3. The subgroup generated by 72 and any involution
of G is a proper subgroup of G, and therefore S,T,U and V have order 2. By assumption S and U
generate G, but then (T, U) has order 4 or 6, which is impossible.

Theorem 2.9. ([4], Theorem 2.1.2)
L(G) is modular if and only if L(G) is Ls-free.

Lemma 2.10. Suppose that L is a lattice and that Ly < L < L1g. Let G be a p-group. Then G is
modular if and only if it is L-free. In particular, for p-groups, being Ls-free and being Lig-free are
equivalent.

Proof. This is a combination of Theorem 2.9 and Lemma 2.1 in [5]. O
For the following lemma we recall that, if G is a p-group and i € N, then ;(G) := (z € G | 27" = 1)
and Q(GQ) = U (G).

Lemma 2.11. ([4], Lemma 2.3.5)

Suppose that G is a modular p-group. Then QUG) is elementary abelian and Q;(G) = {z € G | 2P" =1}
for all i € N.
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Lemma 2.12. ([4], Lemma 2.3.6)
Suppose that G is a modular 2-group. Then all the subgroups of G are normalised by (x € G | x* = 1).

Definition 2.13. We say that G is hamiltonian if and only if G is non-abelian and every subgroup of
G is normal in G.

Theorem 2.14. ([4], Theorem 2.3.12)
Suppose that G is a p-group. All subgroups of G are normal in G if and only if G is abelian or G has
an elementary abelian 2-group A such that G = Qg x A.

Theorem 2.15. ([4], Theorem 2.3.8)
Suppose that G is a modular 2-group and that G involves Qs. Then G has an elementary abelian
2-subgroup A such that G = Qg x A.

Corollary 2.16. If G is a non-hamiltonian modular p-group, then all non-trivial subgroups of G are
also non-hamiltonian.

Proof. Assume otherwise and choose G to be a counter-example. Let U < G be hamiltonian (hence
non-abelian) and non-trivial. Then Theorem 2.14 yields that U has an elementary abelian 2-subgroup
A such that U = Qg x A. So G involves Qs and Theorem 2.15 is applicable. Then G has an elementary
abelian 2-subgroup B such that G = Qg x B. Theorem 2.14 implies that G is hamiltonian, contrary
to our hypothesis. d

Lemma 2.17. ([5], Lemma 2.2)
Suppose that G is L1g-free, that P is a normal p-subgroup of G and that K is a p’-subgroup of G such
that G = PK. Then the following hold:

(i) [P, K] is elementary abelian or a hamiltonian 2-group.
(ii) If [P, K] is elementary abelian, then P = Cp(K) x [P, K].

Theorem 2.18. ([5], Proposition 2.7)
Suppose that G is an Lyg-free {p, q}-group. Let P € Syl,(G) and Q € Syl,(G). Then P <G or Q <G.

Theorem 2.19. ([5], Proposition 2.6)
Suppose that G is an L1o-free {p, ¢}-group. Suppose that P € Syl,(G) is normal in G and let Q € Syl,(G).
Suppose further that [P, Q] # 1. Then one of the following holds:

(1) Q is cyclic.
(i) @=Qs.
(iii) p=3 and ¢ = 2.
Theorem 2.20. ([5], Theorem A)
If G is Lig-free, then G is soluble.

We use in Section 4 that, as a consequence of Theorem 2.20, all Lip-free groups have a Sylow system.

Lemma 2.21. ([5], Lemma 2.5)
Suppose that G is a dihedral group. Then G is Lig-free if and only if there is a prime p such that
|G| =2p or |G| = 12.

Lemma 2.22. ([5], Lemma 2.8)

Suppose that G has normal p-subgroups N1, Ny and a cyclic g-subgroup Q such that G = (N1 x N2)Q.
Suppose that Q acts irreducibly on N1 and No and that Co(N1) = Cq(N2). If G is Lyg-free, then
|N1| = |Na| = p and Q induces power automorphisms on N1 X Na.

Lemma 2.23. ([1], Lemma 2.1)
Suppose that P is a normal p-subgroup of G and that Q is a q-subgroup of G such that [P, Q] # 1 and
G = PQ. If P is not hamiltonian, then the following are equivalent:
(i) G is Ly-free.
(ii) G is Lg-free.
iii) G is Mg-free.
)

(iii
(iv) One of the following holds:



(a) P is elementary abelian, Q is cyclic and all subgroups of Q act irreducibly on P or by
ducing power automorphisms.

(b) P is elementary abelian of order p*, where p = 3 (mod 4). Moreover Q = Qg and Q acts
faithfully on P.

Lemma 2.24. ([1], Lemma 2.2)
Suppose that q is odd, that P is a hamiltonian normal 2-subgroup of G and that Q is a q-subgroup of
G such that [P,Q] # 1 and G = PQ. Then the following hold:

(i) G is Lg-free if and only if P = Qs and Q is cyclic with [Q : Co(P)] = 3.

(ii) G is not Ms-free.

Theorem 2.25. ([1], Proposition 2.3)
Suppose that G is a {p, q}-group and that G is Lg-free or Mg-free. Then G is nilpotent or its structure
s as described in Lemmas 2.28 and 2.24.

Corollary 2.26. ([1], Corollary 2.4)
Suppose that G is a {p, q}-group and that G is Lg-free or Ms-free. Let P € Syl,(G) and @Q € Syl,(G)
and suppose that Q is not normal in G. Then G = (Q* | x € P).

Definition 2.27. We say that G is a A*-group if and only if there are n € N and pairwise distinct prime
numbers p1, ..., Pn, ¢ such that the following hold:
(i) Q <G is a cyclic g-subgroup;
(i) for all ¢ € {1 .,n} there is a normal p;-subgroup P; of G;
(i) G = (P x . x P)Q;
(iv) iti,j € {1 .,n} are distinct, then Cq(P;) # Cq(P;); and
(v) ifi e {1,.. n}, then either P; & Qg or P; is elementary abelian and all subgoups of Q act
irreducibly or by inducing power automorphisms on P;.

Whenever we formulate a hypothesis with a A*-group G, then we will use all the notation that we just
introduced.

Corollary 2.28. Suppose that G is a A*-group with the corresponding notation.
Then G =(Q" |z € P| X ... x P,).

Proof. Let i € {1,...,n}. It follows from 2.23 and 2.24 and the hypotheses about @ and P; that QP; is
Lg-free and has order divisible by exactly two distinct primes. Thus Corollary 2.26 is applicable and it
yields that QP; = (Q* | € P;). This implies that G = (QPy,...,QP,) = (Q* |z € Py x ... x P,,). O

Theorem 2.29. ([1], Theorem A)

The group G is Lg-free if and only if there exist n € N and subgroups Gy, ..., G, of G with pairwise
coprime orders such that the following hold:

-G =G1 X .. xGy;

— for all k € {1,...,n}, the group Gy is a modular p-group, a A*-group or a {2,p}-group satisfying
Lemma 2.23 (i) (b).

3. My-FREE {p, ¢}-GROUPS

As in [1], our classification of My-free groups begins with the special case where G is a {p, ¢}-group.
In fact this is where most work is necessary, and then the general results follow in the next section. It
turns out that it is key to characterise those groups that are My-free, but not Lg-free.

Lemma 3.1. Suppose that G is a {p, q}-group and that G is My-free and not nilpotent. Suppose further
that P € Syl,(G) is normal in G and let Q € Syl,(G).
If P is not hamiltonian, then G is Lg-free or p =3, ¢ =2 and G has a section isomorphic to D1s.
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Proof. Assume otherwise and let G be a minimal counter-example. Then G is not Lg-free and hence
G does not satisfy Lemma 2.23 (iv). If p = 3 and ¢ = 2, then G does not involve Dj5. In particular all
subgroups and sections of G do not involve Dy, so if they are proper and satisfy the hypothesis, then
the minimality of G implies that they are Lg-free.

Then Lemma 2.10 yields that P and ) are modular. Moreover P is not hamiltonian and thus Corol-
lary 2.16 gives that [P, Q] is not hamiltonian. It follows with Lemma 2.17 that [P, Q)] is elementary
abelian and P = Cp(Q) x [P, Q]. Now we proceed in a series of steps in order to obtain a contradiction.

(1) @ is not isomorphic to Qs.

Proof. Assume otherwise. Then ®(Q) = Z(Q), in particular Q/®(Q) = V,. If &(Q) < G, then by
minimality of G the section G/®(Q) is Lg-free and satisfies Lemma 2.23 (iv). This is impossible
because Q/®(Q) is neither cyclic nor isomorphic to Qs. So ®(Q) is not normal in G.

Let z denote the central involution in Q. Since z ¢ Z(G), we know that [P, z] # 1 and @ acts faithfully
on P. Hence if we let Q¢ denote a subgroup of Q of order 4, then [P, Qo] # 1. The minimal choice of
G yields that PQq is Ls-free and satisfies Lemma 2.23 (iv). In particular Qg acts irreducibly on P or
by inducing power automorphisms.

The group of power automorphisms of P is abelian and @ is not, so there exists a maximal subgroup
U of @ that acts irreducibly on P. Moreover U acts faithfully on P because @ does. Since p is odd,
one of p—1 or p + 1 is divisible by 4 and therefore |U| = 4 divides p> —1 = (p—1) - (p+ 1). Now
I1.3.10 in [2] yields that |P| = p? and that 4 does not divide p — 1. Hence p = 3 modulo 4 and in
particular Case (iv)(b) of Lemma 2.23 is satisfied. But then G is Lg-free, contrary to our assumption. B

(2) Q is cyclic.

Proof. Assume otherwise. Then Theorem 2.19 and (1) imply that p = 3 and ¢ = 2. The non-trivial
action of @ on P yields an element x € @Q such that [P, z] # 1. Since Q is neither cyclic nor isomorphic
to Qs, there exists some y € @ of order 2 and such that y ¢ (z). In particular (x,y) is also neither
cyclic nor isomorphic to Qg and therefore P(x,y) does not satisfy Lemma 2.23 (iv) and is hence not
Lg-free. The minimality of G yields that @ = (x,y). Then it follows with Lemma 2.11 that Q(Q) is
elementary abelian and Q(Q) = {g € Q|g? = 1}.

Assume that o(x) > 2, so in particular z ¢ Q(Q). Then Q(Q) # @ and Q(Q) contains at least
three involutions, so it is neither cyclic nor isomorphic to Qg. Moreover PQ(Q) < G and hence this
subgroup is Lg-free by our minimal choice of G and Lemma 2.23 implies that PQ(Q) is nilpotent. Now
X = Q(z)) < Q(Q) is centralised by y € Q(Q) whence X < @Q (recall that Q = (z,y)). Moreover
P centralises X and therefore X < G. But QQ/X is neither cyclic nor isomorphic to Qg, so the factor
group G/X does not satisfy Lemma 2.23 (iv) and in particular it is not Lg-free. This contradicts the
minimal choice of G.

We conclude that o(x) = 2 and |Q| = 4. Let D < [P, Q] be such that @ acts irreducibly on D. Since
P = Cp(Q) x [P,Q], we know that @ acts without fixed points on [P, Q] and hence on D. Theorem
2.6 implies that Q/Cq(D) is cyclic and that @ acts non-faithfully on D. Let a,b € Q¥ be such that
Q = (a,b) and [D,a] = 1, but [D,b] # 1. Then b acts without fixed points on D, so it inverts D and
the irreducible action of @ on D forces |D| = 3. In particular DQ = Djs, contrary to our assumption.
Thus @ is cyclic as stated. u

(3) Cr(Q) # 1.

Proof. Assume that this is false. Then P = Cp(Q) X [P, Q] = [P, Q] whence P is elementary abelian.
With Maschke’s Theorem we let m € N and Ny, ..., N, <[P, Q] be such that [P,Q] = Ny X ... x Ny,
and such that @ acts irreducibly on Ny, ..., N,. First suppose that m > 3 and let 2 < 4 < m. Then the
subgroup (N7 x N;)Q is Lg-free, because G is a minimal counter-example. But @ is not irreducible on
N7 x N;, so by Lemma 2.23 () induces power automorphisms on N7 x N;. Therefore ) induces power
automorphisms on P and it follows by the same lemma that G is Lg-free. This is a contradiction and
therefore m < 2.

Suppose that m = 2. Since @ is cyclic, we may without loss suppose that Co(N7) < Cg(Na). If Co(N2)
induces power automorphisms on P, then these are universal, so in particular Cg(N7) = Cg(N2). But
then @ induces power automorphisms on P by Lemma 2.22 and Lemma 2.23 implies that G is Lg-free,
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contrary to our assumption. Therefore Cg(N2) does not induce power automorphisms on P. It also
does not act irreducibly because it leaves N; invariant. Hence Lemma 2.23 yields that PCq(N2) is not
Lg-free, and by minimality we deduce that Co(N2) = Q. However Cp(Q) = 1 by assumption, so this
is impossible.

Therefore m = 1, which means that @) acts irreducibly on P. The minimal choice of G forces all
subgroups of @ to act on P as in Lemma 2.23, so this lemma implies that G is Lg-free, contrary to
our hypothesis. This contradiction shows that Cp(Q) # 1. [ ]

(4) |Cp(Q)| = p and Q acts irreducibly on [P, Q].

Proof. With Maschke’s Theorem let m € N and Ny, ..., N,,, <[P, Q] be such that [P,Q] = Ny x ... X
N,,, and that @ acts irreducibly on Ny, ..., N,,. Using (3) we choose M < Cp(Q) of order p and we set
N := Ny. Now N and M commute and are both Q-invariant.

Assume that @ induces power automorphisms on M x N. Then these are universal and in particular
Cq(M) = Cg(N). It follows that @) centralises N, which is a contradiction.

Since M is Q-invariant, we also have that @ acts non-irreducibly on M x N. Thus (M x N)@ is not
Lg-free by Lemma 2.23. Then the minimality of G implies that (M x N)Q = G, but also G = PQ and
therefore M x N = P. In particular P is elementary abelian.

Since M < Cp(Q), the Dedekind identity gives that Cp(Q) = M x Cn(Q) = M. We also see that
N = [P, Q)] and hence @ acts irreducibly on [P, Q]. [ ]

(5) 1Ql = g
Proof. We set N := [P, Q] and M := Cp(Q), and we recall that @ is cyclic by (2). We assume that
|Q| > g and that the subgroup Qg := ®(Q) of @ of index ¢ does not centralise P. If @ induces power
automorphisms on P, then they are universal and hence Qo centralises P by (3). This contradicts our
assumption that [Qg, P] # 1. Since M is Qp-invariant, we also know that Q¢ does not act irreducibly
on N x M. Lemma 2.23 implies that PQq is not Lg-free which, by minimality of G, forces PQy = G.
This is a contradiction.

Next we look at the case where Qg centralises P. Since @ is cyclic by (2), we then have that Qy < G.
If PQo/Qp is centralised by Q/Qo, then [P, Q] =1 (by coprime action), contrary to our hypothesis.
If Q/Qo acts irreducibly (or by inducing power automorphisms) on PQy/Qo, then @ acts irreducibly
(or by inducing power automorphisms) on P. Thus if G/Qy is Ls-free, then by Lemma 2.23 also G is.
But G is chosen to be a counter-example, so we deduce that G/Qq is not Lg-free. Now the minimality
of G forces Qo = 1, which is false. Hence |@Q] = ¢ as stated. [ ]

Now we choose Ji,Jo < P to be distinct subgroups of order p such that Ji, Jo are neither equal to
Cp(Q) nor contained in [P, Q]. This implies that (Jq,J2) N [P, Q] # 1 because |P : [P,Q]| = p by (4).
These choices are possible because |P| > p? and, if p = 2, then [P, Q] > 4 and hence |P| > 8.
Set V := (J1, J2) and I := V N [P, Q). We choose x € [P, Q] such that Q% # @ and prove that

L= {17Q7Qlalu JlaJ27Q[P7Q]7Vv7G}

is isomorphic to My.

Of course Q N Q* =1 = J; N Ja. Moreover @ and Q% are cyclic of order ¢ by (5) and I is a p-group,
so it is also clear that QNI =1 = Q* N I. Next we see that J1 NI =1 = Jy NI because I < [P, Q)]
and Ji, Jo £ [P, Q]. By (4) we observe that [P, Q] < (@, Q) whence Q[P, Q] = (Q", Q).

We also have that @ and Q* are maximal subgroups of Q[P,Q)]. Since I # @, Q%, it follows that
(@, I) =(Q*,I) = Q[P,Q]. As J; and J, are maximal subgroups of V and distinct from I, we further
have that

(Ji,J2) =V = {J1,I) = (Ja, I).
The choice of I gives that Q[P,Q] NV = I, so it remains to prove that
<Qa J1> = <Q7 J2> = <Qma J1> = <Qz7 ‘]2> =G.

Let S € {Q,Q%} and T € {J1,Jo}. Assume that (S,T) # G. Then (S,T) is contained in a maximal
subgroup of G.
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Now, for any z € [P, @], we observe that Q*[P, Q] = Q[P, Q] is a maximal subgroup of G. Since [P, Q)
is the unique Sylow p-subgroup of Q[P, Q] and T £ [P, Q], we deduce that 7' £ Q[P, Q] and therefore
(S, T) cannot be contained in Q[P, Q).

Also Q*Cp(Q) is maximal in G for all z € [P,Q], but T £ Q*Cp(Q) because T £ Cp(Q). Hence
(S,T) ¢ Q*Cp(Q). The next maximal subgroup we consider is P itself (see (5)), but of course (S,T) £
P. The irreducible action of @ on [P, Q] (by (4)) implies that the groups that we just considered are
all maximal subgroups of G. None of them contains (S, T, so (S,T) = G.

This concludes the proof: G is My-free, so we have reached our final contradiction. O

Lemma 3.2. Suppose that G is a {p,q}-group and that G is My-free, but not Lg-free. Then p = 3,
q = 2 and G 1is not nilpotent, moreover G has a normal Sylow 3-subgroup P and a section isomorphic
to D1s. In particular G does not have cyclic Sylow 2-subgroups.

Proof. Assume that this is false and let G be a minimal counter-example. Our hypothesis implies
that G is Lqg-free, so by Theorem 2.18 we may suppose that G has a normal Sylow p-subgroup P.
Let @ €8Syl,(G). If [Q, P] = 1, then G is nilpotent and hence Lg-free, contrary to our hypothesis.
Therefore [@Q, P] # 1. If P is not hamiltonian, then Lemma 3.1 gives the assertion of the lemma and
hence a contradiction.

Thus P is hamiltonian. Theorem 2.14 gives subgroups H, K < P such that P = H x K and such that
H is an elementary abelian 2-group and K 2 Qg. In particular ®(K) = ®(P) is central in G. Since G
is not nilpotent, this implies that G := G//®(P) is not nilpotent.

As P is elementary abelian, Lemma 3.1 is applicable to G. First suppose that G is Lg-free. Then Lemma
2.23 yields that Q is cyclic and acts irreducibly on P. Hence @ is cyclic and, since Q normalises Q(P),
it follows that Q(P) = ®(P). In particular H = 1 and P = Qg, and |Q : Co(P)| = 3. Now Lemma
2.24 (i) tells us that G is Lg-free, but by hypothesis it is not.

Therefore G is not Lg-free. But then the minimal choice of G forces p = 3 and ¢ = 2, which is

impossible.
So the first statement of the lemma is proved, and the fact that G involves Dj, implies that G does
not have cyclic Sylow 2-subgroups. g

Hypothesis 3.3. Suppose that G is a non-nilpotent {2, 3}-group, that G has a normal Sylow 3-subgroup
P and that Q € Syb(G).

Lemma 3.4. Suppose that Hypothesis 3.3 holds and that G is My-free. Then Cp(Q) = 1.

Proof. Assume otherwise and choose G to be a minimal counter-example. Then Cp(Q) # 1. Moreover
we let a € Q be such that [P, a] # 1, but [P,a?] = 1. Then (a)P is an My-free subgroup of G and hence
the minimal choice of G' implies that G = (a) P. In particular Q = (a). As a? centralises P, it follows
that (a?) < G. The group G/(a?) is also My-free and has a normal Sylow 3-subgroup. Then the choice
of @ and the minimality of G yield that a? = 1.
We recall that P is a 3-group and therefore [P, Q)] is not hamiltonian. Then Lemma 2.17 implies that
[P, Q] is elementary abelian and that P = Cp(Q) x [P, Q).
We deduce that Cp(a) N [P,Q] = Cp(Q) N [P,Q] = 1 which means that a acts without fixed points
on [P, Q]. By choice a induces an automorphism of order 2 on P whence a inverts [P, Q]. In particular
[P, Q] = [P, a]. We choose a subgroup N of order 3 of [P, Q] and we also choose M < Cp(Q) such that
|M| = 3.
Then (a) normalises M, hence it acts on M x N. Let x € M and y € N be such that (z) = M and
(y) = N. Then we see that U := (zy) and V := (yx~!) are also subgroups of M x N, and moreover
U=V and V¢ =U. We set

L:={1,U,V,N,(a),(a"), (M x N),(a,y), (M x N)(a)}
and we show that this lattice is isomorphic to M.
Firss UNV =UNN = NNV and moreover (U, V) = (N,V)=(U,N)=M x N.
With Lemma 2.7 we see that the subgroups N, (a) and {a¥) intersect pair-wise trivially.
Instead of presenting all the remaining calculations, we just observe that neither U nor V' is normalised
by a or by a¥, and therefore (U, a) = (V,a) = (U,a¥) = (V,a¥) = (M x N){a).
Thus L is isomorphic to My, contrary to our hypothesis. O
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Corollary 3.5. Suppose that Hypothesis 3.3 holds and that G is Mg-free. Then P is elementary
abelian.

Proof. By hypothesis P is a 3-group and hence non-hamiltonian. Then Corollary 2.16 implies that
[P, Q)] is also non-hamiltonian. It follows with Lemma 2.17 that [P, Q)] is elementary abelian and that
P =Cp(Q) x [P,Q]. Now Lemma 3.4 gives the statement. O

Lemma 3.6. Suppose that Hypothesis 3.3 holds and that G is Mg-free. If w € Q) induces an automor-
phism of order 2 on P, then w inverts P.

Proof. We know that P is elementary abelian by Corollary 3.5 and then the coprime action of w on
P gives that P = Cp(w) x [P,w]. In particular w inverts [P, w]. Since P(w) satisfies the hypotheses of
Lemma 3.4, we obtain that Cp(w) = 1 and hence w inverts P. O

Lemma 3.7. Suppose that Hypothesis 3.3 holds and that G is Mg-free. If Q@ does not induce power
automorphisms on P, then |P| = 9.

Proof. Assume otherwise and choose G to be a minimal counter-example. Lemma 3.6 and our hypoth-
esis imply that some element w € @ induces an automorphism on P that is not a power automorphism,
and in particular it has order at least 4. We may choose w such that w* centralises P.

Now H := P{w) satisfies the hypotheses of the lemma and (w*) < H. The group H/{w*) also satisfies
our hypotheses and therefore the minimal choice of G forces G = P(w) and w* = 1.

We also note that w? inverts P by Lemma 3.6. Let a,b € P,a ¢ (b) be such that a¥ = b,b* = a~! and
(a1 = b=, Then let Py := (a,b). Since G is a counter-example, we know that P # Py and hence we
may choose ¢ € P\Py. As w? inverts P, it follows that w does not normalise (c). Thus there is some
d € P,d & (c) such that ¢¥ = d. We set

L ={1,{bd,c), {ac,d), Py, {w*), (w), Po{c,d), Po{w), Po{c,d, w)}

and we show that this lattice is isomorphic to My.

By choice C(,)(a) = 1, so Lemma 2.7 gives that any two of the groups (bd, c), (ac, d), (a, ), (w*) and
(w) intersect trivially.

Moreover (bd, ¢, ac,d) = {a,b,c,d) = (a,b,bd, c) = {a,b,ac,d).

We also note that b~la = w™la"lwa = w™lw? € (w, w?) and hence

a ' =a?>=b"taab = b ta(b"a)? € (w,w?).

Since w conjugates a to b, it also follows that b € (w, w?).

Furthermore w = aa™'waa'~ = aw®a™! € (w? a,b) and hence S = (w,a,b) = (w*, a,b) = (W w)
and SN{a, b, ¢, d) = (a,b). We still need to show that one element from {(w®), (w)} and {(bd, ¢}, {ac, d)},
respectively, generate Py(c,d,w) = {(a,b, ¢, d, w).

But this is immediate because w® and w interchange {a) and (b) and they also interchange (c) and
(d). Thus L is isomorphic to My as stated, and this is a contradiction. O

Lemma 3.8. Suppose that Hypothesis 3.3 holds and that G is Mg-free. Then every subgroup of @
either acts irreducibly on P or it induces power automorphisms on P.

Proof. Assume that this is false and choose G to be a counter-example. We take w € @ such that w
induces neither power automorphisms on P nor does it act irreducibly. We know from Corollary 3.5
and Lemma 3.7 that P is elementary abelian of order 9, so by Maschke’s Theorem we let Py, P» < P
be of order 3 that are w-invariant and such that P = P, x P5. Applying Lemma 3.4 to P(w) yields
that Cp(w) = 1 whence w inverts P. But this contradicts our assumption. O

Lemma 3.9. Suppose that Hypothesis 3.3 holds and that G is My-free, but not Lg-free. If Q = Qs,
then @ induces power automorphisms on P.

Proof. If this is false, then Lemma 3.8 yields that @ acts irreducibly on P. Then Corollary 3.5 and

Lemma 3.7 imply that P is elementary abelian of order 9. By Lemma 3.6 all elements from @ that

induce an automorphism of order 2 on P invert P. Thus there must be some w € @ inducing an

automorphism of order 4 on P. Then w? inverts P and it follows that @ acts faithfully on P, so

Lemma 2.23 implies that QP is Lg-free. However this contradicts our hypothesis. O
9



The following corollary plays a role in the next section.

Corollary 3.10. Suppose that Hypothesis 3.3 holds and that G is My-free, but not Lg-free. If Q = Qs,
then @ does not act faithfully on P.

Proof. We know from Lemma 3.9 that ) induces power automorphisms on P, in particular it normalises
every subgroup of P of order 3. With P, denoting such a subgroup of order 3, we see that Co(FPp) has
index 2 in @ and in particular the central involution in @ centralises Py. Hence it centralises P. O

Lemma 3.11. Suppose that Hypothesis 3.3 holds and that G is Mg-free, but mot Lg-free. Then Q
induces power automorphisms on P.

Proof. Assume otherwise and let G be a minimal counter-example. Then G is My-free and Corollaries
3.8 and 3.5 yield that @ acts irreducibly on P. Moreover P is elementary abelian. With Lemma 3.6
there exists some w € @ that induces an automorphism of order 4 on P and such that w? inverts P.
This means that we find a,b € P such that a & (b) and such that a® = b,b” = a~! and (a™')” = b1,
Lemma 3.7 implies that |P| = 9 and hence P = (a,b). Moreover @ is neither cyclic (by Lemma 3.2)
nor quaternion of order 8 (by Lemma 3.9) and therefore @) contains some involution v outside (w). We
note that v normalises every subgroup of @ by Lemma 2.12, in particular it normalises Hy := (w*) and
therefore Hy < H := P(v,w). Now (v,w)/Hy € Syla(H/Hy) and hence H/Hj has Sylow 2-subgroups
that are neither cyclic nor quaternion. Lemma 2.23 then yields that H/Hj is not Lg-free. But it is
My-free and (v,w)/Hy does not induce power automorphisms on PHy/Hy, so the minimality of G
forces H = G and Hy = 1.

This means that |Q| = 8. We recall that @ has three involutions, namely v, w? and vw?, and that w?
inverts P. If [P,v] # 1, then v inverts P by Lemma 3.6 and hence vw? centralises P. The same holds
the other way around, so we know that exactly one of the involutions in @ centralises P and the other
two invert P. Let t € Q be an involution distinct from w? that inverts P. We show that the lattice

L= {1, (w"), (w), (b), ("), (¢ ), (w, a,b), (t,b), (w,t,a,b)},

is isomorphic to My.
Lemma 2.7 tells us that (w) N (w?®) = C(,y(a) = 1. It follows that

1= (5) N (#7) = () N {E7) = (5) N (w")
1,—1

where = € {b,b7'},y € {a, 1} are suitably chosen. Then we see that b= la = w™la"lwa = w™tw® €
(w, w*) and hence a=! = a* = b~taab = b~ta(b~a)¥ € (w,w?). We recall that w conjugates a to b,
consequently b € (w,w*) and similarly (b, w) = (b, w*) = (a, b, w).

We calculate that b=La=! = btbtb = btb=1b=1tb = t* 't* € (¢*,#*" ') and also

((ab) =) ((ab)™1)*" = ((ab)"1)b~la =b € (t*,t*""). We deduce that (£, 2 ") = (b,t) = (t*,b) = (""", b)
and moreover (w, a,b) N (t,b) = ({w){a,b)) N ({t)(b)) = (b).

It remains to show that one element from { (w), (w®)} and {(%), (t*"")}, respectively, generate (a, b, ¢, w).
If there is some ¢ € P such that (w, tb> < Q°, then Lemma 2.7 forces t to centralise cb~!, contrary to
the fact that ¢ inverts P.

Therefore (w,t*) N P # 1 and (w,t*) > (b). As w induces an automorphism of order 4 on P, it follows
that (w,t*) = (a,b,w,t). We argue similarly in the other cases and thus L is a lattice isomorphic to
My. This contradicts our assumption. O

Lemma 3.12. Suppose that Hypothesis 3.3 holds and that |P| = 3. Suppose further that Q is a modular
group. Then G is My-free.

Proof. Assume that this is false and let G be a minimal counter-example.
Suppose that the lattice L = {E,S,T,D,U,V, A, C, F} is isomorphic to My and is a sublattice of the
subgroup lattice of G. We note that this implies that F' is not Lg-free. First we show that F = G.
All subgroups of G have modular Sylow subgroups by hypothesis. Since F' is not Lg-free, Theorem
2.29 yields that F' is not nilpotent. Hence F' satisfies Hypothesis 3.3 and, by minimality, we deduce
that F' = G.
If ENP # 1, then ENP = P. But G/P ~ @ is a modular group, hence My-free, and this is impossible.
This means that ENP = 1.
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We also know that G is not nilpotent and hence it has more than one Sylow 2-subgroup. It follows
that G has three Sylow 2-subgroups.

We show that one of A and C'is a 2-group and assume otherwise. Then P < ANC = D and therefore
the previous paragraph implies that S, 7, U and V do not contain P. So they are all 2-groups. Since
there are only three distinct Sylow 2-subgroups in G, one of which is @, we may suppose that S, T < Q.
In particular A = (S, T) < @ is a 2-group, contrary to our assumption.

We may now suppose that A is a 2-group, without loss A < Q. We recall that P < E and hence
P £ UNV. In particular we may suppose that U is a 2-group. Since (S,U) = G, we also see that
U % Q. We choose Q1 < Q and w € P# such that U = Q%. Next we argue that A < (S,Q;). This
follows because G = (S,U) < SQ; P implies that @ = SQ;. Moreover S < A < @ and therefore

A=(5.0)NA=(50:NA) = S(Q: N A,

with Lemma 2.5.
Now we consider the group Y := Cang, (P). Since [Y,w]| =1and Y < @4, it follows that Y < QY =U.
Hence Y <ANU=FE < S. Butthen SNQ1NA>Y =Cung, (P) and

C_@in A AN Q
[@iNANS]| [Cana, (P)|

Since @ normalises P, but does not centralise it, and since |P| = 3, we have that |Q : Co(P)| = 2. In
particular [(AN Q1) : (Cang, (P))] = 2 and |A| = |S] - 2. Similarly |[A : T| = 2 whence S and T are
normal in A. Therefore E = SNT < A and A/FE is a Klein fours group. We see that S, T and D are
precisely the three proper subgroups of A that contain E, but are distinct from it.

Since |G/Cq(P)| = 6, we have that E=ANU < QNQ™ = Cqy(P) and hence E < C4(P). Moreover
ANQy £ Ca(P) and therefore |A : C4(P)| = 2. Hence C4(P) is one of the groups S, T or D. We
recall that A = S(ANQ1) =T(ANQ). Since Y < F and (hence) |E(AN Q1) : E| = 2, this implies
that E(AN Q1) = D. It follows that C4(P) is one of the subgroups S or T. If C4(P) = S, then
S < Cg(P) < QY and (S,U) < Q" # G, which is a contradiction. Hence C4(P) = T, which is
impossible for the same reason. O

1Al = 5] < ||

Lemma 3.13. Suppose that Hypothesis 3.8 holds, that P is elementary abelian and that Q is modular.
If Q induces power automorphisms on P, then G is Mg-free.

Proof. We assume that this is false and choose a minimal counter-example G.

Let L:={FE,S,T,D,U,V, A,C, F} denote a lattice that is isomorphic to My and is a sublattice of the
subgroup lattice of G. As G = PQ and P <G by hypothesis, we know that all subgroups X of G have
structure X = PxQ%, where Px < P, Qx < @ and a € P are suitably chosen. We keep this notation.
Moreover we note that all subgroups of P are normal in G because () induces power automorphisms
on P.

Now we collect a few general facts that follow from our choice of notation.

(i) If Qo < Q and a € P are such that Q% < @, then Q% = Qo.
(11) IfXx < Y < G’7 then PX < Py and QX < Qy.
(i) If X,Y < G are such that G = (X,Y), then Q = (@Qx, Qy).

Proof. Suppose that Qp < @Q and a € P are such that Q¢ < Q. Then, since (a) I G, we see that
[Qo,a] < QN (a) = 1. This proves (i). If X <Y < G, then the fact that P = O3(G) implies that
Pyx=XNP<YNP=PFy.

For the next statement and also for (iii) we let a,b € P be such that X = PxQ% and Y = PyQ%.
If X <Y, then we let ¢ € Py be such that Q¥ < @Q%. Then Qx < Q and Qg(dfl < Qy <Q,so (i)
forces Qx = Qg(dfl < Qy as stated. For (iii) we observe that

G:<X7Y>:<PX;PY5Q§(an}7/> < <P7QX5QY>

because a,b € P. Since P is normal in G, it follows that G = P{Qx,Qy) and in particular Q =
(@x,Qy). O
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In the next few steps we restrict the structure of the members of L.

(1) F=aG.

Proof. Lemma 2.4 and Theorem 2.9 yield that Q and P are My-free, so |F| is divisible by 2 and by
3. We let Qo €Syla(F) and Py € Syl3(F) and we assume that Qg centralises Py. Then F' is nilpotent
and hence Lg-free (Lemma 2.29), but this is a contradiction. Hence Qg induces non-trivial power
automorphisms on Py and Py is an elementary abelian normal subgroup of Qg Py. As F' is not My-free,

the minimal choice of G forces G = F. [ |
(2) EnP=1.

Proof. Assume otherwise and let N := ENP. Then 1 # N # P and N <G, so we see that G/N
inherits the hypotheses and is therefore Mg-free. But this is false. ]

(3) There exist g, h € G such that F9 < Q, E" <Q, QNC9 = Qs and Q N A" = Q 4.

Proof. Let a € P be such that C = PcQ%&. We know that E is a 2-group by (2) and E < C, so we let
¢ € Pe be such that E < (Q¢)®. Let g := (ac)~*. Then B9 < Q¢ < Q, moreover C9 = C* ' = PoQc
and consequently Qcs = Q N CY.

The statement for A follows in the same way. ]

(4) If X € {S,T,U,V}, then |X : E| is even.

Proof. We assume otherwise, without loss X = S and |S : E| is odd. Then Ps # 1 and S = EPs. As
Ps < @G, it follows from (1) that G = (S,U) = (E, Ps,U) = Ps(E,U) = PsU. But now A= ANG =
ANPsU =Ps(ANU) = PsE = S, which is a contradiction. [ ]

(5) Suppose that E < @, that Q@ N C = Q¢ and that ¢ € P is such that S = PsQ§ or T' = PrQ5%.
Then Qc = Qu = Qv

IfE <Q Q@NA = Q4 and moreover if a € P4 is such that U = PyQf, or V = PyQY{,, then
Qa=0Qs=Qr.

Proof. It is sufficient to prove the first statement in the case where S = PsQ%. Then the assertion
with hypothesis for T follows in the same way and similar arguments imply the remaining statements.
Since CNS = E and ¢ € C, it follows that (QsNC)¢ =QLNC < SNC = E < Q. Therefore (QsNC)°
as well as Qg N C are contained in @ and (i) forces Qs NC = (Qs N C)° < E. Using (ii) and (iii) we
deduce that

Qe =0NQ=CN(Qs,Qu) =(QsNC,Qu) <(E,Qu) =Qu
and similarly Q¢ = Qv . [ ]

(6) At least one of S,T,U,V is a 2-group.
Proof. Assume otherwise. We set up some notation and write S = PsQ%,T = PrQ%, U = PyQ¥
and V = Py QY with suitable elements u,v,s,t € P. Then the subgroups Ps, Pr, Py and Py are all
non-trivial and by (4) we also have that Qg, Qr,Qu and Qv are non-trivial. Assume that P < A.
Then Py = PNU < ANUNP =ENP =1 by (2). This contradicts our assumption. So P £ A.
Next assume that (Pg, Py) = P. As P is modular and P4NPy = 1 by (2), we see that (Pg, Py) NPy =
Py = (Ps, Py N Ps) = Ps. Therefore Pr = Pr N Py = Ps N Pr and (2) yields that Pr = 1, again
contrary to our assumption.
Now P < (U,S) = (Ps, Py, Q%,Q), hence P = (Ps, Py, s 'u). This means that |P| = |Ps||Py| -3
and similarly |P| = |Pr||Py|-3 = |Ps||Pv|-3| = | Pr||Py|-3. Without loss we suppose that |Pr| > |Py].
Then either |P| = |Pr||Ps| - 3 or |P| = |Pr||Ps|. The second case yields that P = (Ps, Pr) = Pa,
which we already showed to be false. Therefore |P| = | Pr||Ps| - 3.
Then |Ps| = |Pr| = |Py| = |Pv|. Moreover, since P4 # P, we also have that P4 = (Pg, Pr) and so
|P4] -3 = |P|. A similar argument holds for Pc. Therefore P4 and P are maximal subgroups of P,
which means that |Pp|-9 = |P|.
If |Ps||Pp| -3 = |Pa| = %7 then |Ps| = 1, contradicting our assumption. Thus |Ps||Pp| = |Pa| =
which yields that |Ps| = |Pp| = |Pr| = |Py| = |Pv| = 3. We conclude that |P| = 27 and |P4]
|Pc|=9.
So we let P = {a,b,c) and we choose notation such that Po = (b,¢) and Ps = (a). We let € P be
such that S = (a)Q%. Then, since a € S, we may choose x € (b,c) = Pc. In particular |Po| = 9.
In light of (3) we suppose that F < @ and Q@ NC = Q¢. Then (5) yields that Q¢ = Qu = Qv
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If C is nilpotent, then U and V are also nilpotent and then the fact that £ < Q¢ = Qu = Qv
immediately gives that F € Syly(C). So we suppose that C' is not nilpotent. In particular [Q¢, Po] # 1
and therefore Qo := Cg.(Pc) < Q¢. Then Q¢ < C and the factor group C/Qo has order 18 and a
modular subgroup lattice (see for example Theorem 2.2.3 in [4]). Since Q¢ = Qu, we know that U
contains a C-conjugate of Q¢, so in particular Qo < U. Similarly Q¢ < V and the subgroups U/Qq
and V/Qo of C/Qo have order 6. So they do not intersect trivially. If they intersect in a group of
order 3, then 3 divides |U NV| = |E|, contrary to (2). Therefore [U/QoNV/Qo| = 2, and in particular
UNV eSyly(C). But UNV = E and now this contradicts (4). |

Suppose that S is a 2-group. Conjugating L in G if necessary (see (3)), we may suppose that F < @
and QNC =Q¢.
Let s,u,v € P be such that S = Q%, U = PyQ¥ and V = Py QY. Then (1) implies that

G = <S> U> = PU<Q§'7 qulf> < PU<S_1U>QS-

Therefore P = Py (s~'u) whence |P| < |Py| - 3. The same argument with V instead of U shows that
also |P| < |Py|- 3.

We know from Lemma 3.12 and from (2) that Py and Py are distinct from 1 and from each other,
so Py and Py are maximal subgroups of P. It follows that P = Py Py < (U,V) = C, so in particular
Pz = P and s € Pe. Thus (5) is applicable and we have that Q¢ = Qu = Qy. We recall that E is a
2-group, therefore Py N Py = 1 and it follows that |P| = 9. In particular the arguments from the last
paragraph of the proof of (6) apply and they yield that E = U NV € Syly(C), contrary to (4).

With similar arguments we exclude the case where T is a 2-group.

Then (6) yields that one of U or V is a 2-group.

Now we argue in the same way as in the previous paragraph. We let u € P be such that U = Q¢ and
show first that P = PsPr < (S,T) = A, so that u € P4. Then we use (3) to see that we may without
loss suppose that E < @ and Q@ N A = Q4, and then (5) is applicable to A, S and T. It follows that
Qa = Qs =Qr and that E = SNT €Syly(A), which is impossible by (4).

This is our final contradiction. O

Definition 3.14. We say that G is a {2,3}*-group if and only if the following holds:
(i) G is a non-nilpotent {2, 3}-group;
(ii) P €Syl3(G) is normal in G and elementary abelian;
(iii) @ is a modular Sylow 2-subgroup of G;
(iv) @ induces power automorphisms on P; and
(v) G has a section isomorphic to Dis.

Theorem 3.15. Suppose that G is a {p,q}-group. Then G is My-free, but not Ls-free if and only if
G is a {2,3}*-group.

Proof. First suppose that G is a {2, 3}*-group. Then in particular Hypothesis 3.3 holds. Now @ induces
power automorphisms on P and P is elementary abelian. Thus Lemma 3.13 is applicable and it yields
that G is My-free. Moreover G involves Dis and hence it is not Lg-free (see Example 2.8).

Now we suppose, conversely, that G is an My-free {p, ¢}-group, but not Lg-free. Then G is not nilpotent
and Theorem 2.18 implies that G has a normal p-subgroup P and a g-subgroup @ such that G = PQ
and such that @ acts non-trivially on P. With Lemma 3.2 it follows that p = 3 and ¢ = 2 and that G
involves D1,. Moreover P is elementary abelian by Corollary 3.5. Now Lemmas 3.11 and 3.8 give the
result. g

Corollary 3.16. Suppose that G is a {p, q}-group and that G is My-free, but not Lg-free.
Let P € Syl,(G) and Q € Syl,(G). If Q is not normal in G, then G = (Q* | x € P).

Proof. By Theorem 3.15, G is a {2,3}*-group. This means that @ induces power automorphisms on
P and that @ is a 2-group and P is an elementary abelian 3-group. Let € P. Lemma 3.4 gives that
Cp(Q) = 1, hence there exists some a € @ such that [x~!,a] # 1. But a normalises (z), so we must
have that (z71)* = z. In particular a~ta® € (Q,Q%). But we also see that a~'a® = a o lar =
(z71)% = 22 = 27! and hence z € (Q, Q%) < (QY|y € P). We chose x € P arbitrarily, so it follows
that P < (Q%|z € P). Thus G = (Q*|z € P) as stated. O
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Now we combine Corollaries 3.16 and 2.26:

Corollary 3.17. Suppose that G is an My-free {p, q}-group, let P € Syl,(G) and let Q € Syly(G). If
Q is not normal in G, then G = (Q” | x € P).

4. My-FREE GROUPS

Based on our results about Mo-free {p, ¢}-groups we will now classify all finite My-free groups. The
last class of groups for us to study before we proceed is the class of what we call “Qg-groups”.

Definition 4.1. We say that G is a Q§-group if and only if G has subgroups @), N and M satisfying
the following:
() G = (N x M)Q;
(i) Q= Qs
(iii) N is an elementary abelian normal 3-subgroup of G;
(iv) M is an elementary abelian normal r-subgroup of G for some odd prime r distinct from 3;
and
(v) MQ is Ls-free and not nilpotent, and NQ is Mg-free, but not Lg-free.

Theorem 4.2. If G is a Q§-group, then G is My-free.

Proof. We assume that this is false and we choose all the notation for G as in Definition 4.1. More-
over we choose G to be minimal with the property that its subgroup lattice contains a lattice L =
{E,S,T,D,U,V, A, C, F} isomorphic to My, again with our standard notation. Let x,y € @ be such
that they generate distinct subgroups of order 4 of (Q and let z denote the central involution in Q.
First we look at M. By definition of a Q§-group, this subgroup is Lg-free and not nilpotent, so
Theorem 2.29 implies that Q acts faithfully on M and that |M| = r2, where » = 3 modulo 4. Moreover
NQ@ is Mg-free, but not Lg-free, so it follows from Lemmas 3.9 and 3.10 that @ acts non-faithfully on
N and by inducing power automorphisms. We also recall that N and M have coprime order.

(1) z inverts M.

Proof. This follows from the fact that @ acts faithfully on M and that, therefore, z acts as the central
involution of GLy(r). [ |
(2) The subgroups of order 4 of @ act irreducibly on M.

Proof. Assume that, without loss, the subgroup X := (z) does not act irreducibly on M. Then let M;
denote an X-invariant subgroup of M of order r. As r — 1 = 2 modulo 4, it follows that z centralises
some element in M7, contrary to (1). |

(3) Two of the elements z,y,zy € Q invert N. In particular [N, z] = 1.

Proof. We recall that N@Q is not nilpotent. Hence we may without loss suppose that [V, z] # 1. As Q

induces power automorphisms on NV, it normalises all subgroups of N of order 3, so there exists some

element g € N of order 3 that is inverted by x. But x induces a universal power automorphism and

hence it inverts V. If y centralises IV, then zy inverts it and vice versa. ]

For the remainder of the proof we choose notation such that x and y invert N.

(4) Suppose that g € N x M.

If g€ N#, then QN QY = (xy). If g € (N x M)\N, then QN QI = 1.

Proof. As NM <G and QN NM = 1, we may apply Lemma 2.7 and we obtain that @ N Q9 = Cg(g).

If g € N#, then Cq(g) = (zy) by (3). If g € (N x M)\N, then (1) and (3) yield that g is not centralised

by z, hence it is not centralised by any of x, y or xy or their inverses, as claimed. [ |

(5) Suppose that M; < M and that g € NM;. Then 29 € (2)M;. If h € (M x N)\N, then z" & () N.

Proof. Let a € N, b € M, be such that g = ab. Then 29 = 2% = (29)® = 2* € (2)M; by (3).

Next let h € (M x N)\N and assume that z" € (2)N. Then we let ¢ € N, d € M# be such that

h = cd. Then zz" = z(cd) " zed = ¢~ t2d'zde = ¢ (d~1)?*de = ¢~ 1d?c = d*> € M, using (1) and (3).

We deduce that 2" € (z) M N (2) N = (z), which contradicts (4). [ |

(6) F=G.

Proof. Let @; denote a maximal subgroup of ). Then @ is cyclic of order 4 and contains z, so we

know by (3) that @1 does not act faithfully on N. But @), acts faithfully on M (by (1)) and therefore

Cq, (M) # Cq,(N). Moreover @ acts irreducibly on M and by inducing power automorphisms on
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N. Hence (N x M)Q; is a A*-group as introduced in Definition 2.27, which means that this group is
My-free (Theorem 2.29). As G is not My-free by assumption, we may suppose that F' contains Q. But
we also know that N@Q and M@ are My-free, which implies that F' contains non-trivial subgroups of N
and of M, respectively. Now (2) implies that M < F. Let Ny := NN F. Then F = (N; x M)Q and we
look at the subgroup N1@Q. By Theorem 3.15, ) induces non-trivial power automorphisms in N and
hence in Ny, therefore Theorem 2.29 yields that N;Q is not Lg-free. It follows that F' is a Q§-group
that is not My-free, so the minimal choice of G forces F' = G. [ |
(7) ENN=1and M & E.

Proof. Set W := EN N and assume that W # 1. We note that W < N, so M centralises W and @
normalises W because it induces power automorphisms on N. This means that W < G. We also note
that W is contained in all members of L because W < E. Let G := G/W. Then G is not My-free, in
particular it is not isomorphic to a subgroup of @M and this forces W # N. Theorems 3.15 and 2.29
yield that G is a Qj-group, and this contradicts the minimal choice of G as a counter-example. Hence
ENN=W=1.

Next we assume that M < E. As M < G, we may look at the factor group G/M. This group is
isomorphic to QN, but it is also not Mg-free, and this is impossible. [ |

(8) The subgroups S, T, U,V (from the lattice L) are not contained in NM.

Proof. Assume otherwise. The arguments are similar for S,T,U and V', so we assume that S < NM.
Using (6) we see that G = F = (S,U) = (S, V), so it follows that U and V both contain a conjugate
of Q. Without loss @ < U and let g € G be such that Q9 < V. We may choose g in NM.

Assume that there exists a € N such that Q9 = Q. Then (4) implies that 2y € QNQ* <UNV =
E < S < NM, which is false. Therefore g € NM\N. As NM <G, it follows that (Q, Q) contains a
non-trivial element of M. Thus C contains  and some element of M7#, which by (2) means that

M <C.

Now SNM <SNC=E=UnV.IfSNM#*1,thenl#SNM<Uandl#SNM<YV. The
irreducible action of @ < U on M (and of Q9 <V on M) forces M < UNV = E. This contradicts
(7).
Hence SN M =1 and it follows that S = (SNN) x (SNM) < N. In particular S <G whence G = SU.
Now Dedekind’s identity gives that A = S(ANU) =S, which is false.
This final contradiction shows that S £ NM. ]
(9) The subgroups S,T,U and V are not contained in N M (z).
Proof. Assume otherwise and without loss assume that S < NM(z). Then we know from (8) that S
has even order, so there exists some g € NM such that 29 € S. We may choose g € M by (3). As
G=F={(S,U)=(S,V) by (6), it follows as in the previous step that U and V contain a conjugate
of Q. Without loss Q < U and we let h € G be such that Q" < V. Then we may take h € NM and
(4) yields that h ¢ N. In particular C = (U, V) contains a non-trivial subgroup of M and then all of
M, by (2).
We know that M <« E =UNV by (7), hence (2) implies that M intersects U or V trivially. Without
loss suppose that U N M = 1. Then U is an 7’-subgroup of G that contains @, so U < NQ. We note
that, by (3), this implies that z is the unique involution in U. We also recall that 29 € S and that
(z, M) < C,s0 29 € SNC = E < U. But then 29 = z, so z € S. We deduce that z is the unique
involution in S. Hence SN M =1 by (1) and moreover S < N(z). Finally G = F = (S,U) < NQ,
which is false. ]
(10) DN M = 1.
Proof. We assume that this is false and we let My := D N M. Tt follows from (9) that A and C have
order divisible by 4, so they contain a cyclic subgroup of order 4 that is conjugate to a subgroup of @,
respectively. As M; # 1, (2) implies that M < ANC = D and hence M; = M. Let N; := AN N and
Ny := C N N. We may suppose that Q N A € Syla(A) and hence A < QN1 M. Let h € G be such that
C < Q"NyM. Then we may suppose that h € N. As A and C contain a conjugate of z, it follows that
z € AN C and therefore z € D.
If M NS # 1, then (9) implies that M < S and hence M < SN D = E. This is impossible by (7) and
thus M NS = 1. Similarly M NT = 1. Therefore we may suppose that 7' < N@Q and that there is some
a € NM such that S < NQ*. If a € N, then A = (5,T) < NQ, and this contradicts the fact that
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M < A. Therefore a € (NM)\ N. Since T and S have order divisible by 4, we deduce that z € T and
z% € S. By (5) we also have that 2% € M(z) < D, so 2* € SN D = E < T, which is a contradiction. B

We can now finish the proof. As ANC N M =1 by (10), we deduce from (9) and (2) that at most
one of A and C intersects M non-trivially. We suppose that A N M = 1 and hence, without loss, that
A < @QN. Step (9) also yields that T and S contain conjugates of z, so it follows that z € SNT = E.
Thus z e UNV. As M < (S,U) = (S,V) = F = G (by (6)), we also see that U and V contain
non-trivial subgroups of M or a conjugate z¥ of z such that y € (M x N)\ N. Moreover U and V
contain elements of order 4 from G, by (9). Hence they contain M by (2). Now M <UNV = E,
contrary to (7). Thus G is My-free. O

Corollary 4.3. Suppose that G is a Q§-group with notation as in Definition 4.1.
Then G = (Q* | x € N x M).

Proof. The subgroups QN and QM of G are My-free and their orders have only two different prime
divisors, respectively. Therefore Corollary 3.17 yields that QM = (Q* | x € M) and that
QN = (Q |z € N). Hence G = (QN,QM) = (Q* |z € N x M). O

Lemma 4.4. Mgy is subdirectly irreducible.

Proof. We choose our usual notation My = {E,S,T,D,U,V, A,C, F}. Suppose that L is a lattice and
that ¢ is a lattice homomorphism from Mg to L that is not injective. We show that E¢ = D?.
Assume otherwise and first assume that there is some element X € My such that X? = D?. Then
X # E by assumption.
If X € {T,S,U,V}, then E = (DN X)? = D?N X% = D? because ¢ is a lattice homomorphism. But
this is false.
If X = A, then D? = A? = (DUT)? = D? UT? and therefore T¢ < D?. But this implies that
T? =T9ND? = (T'ND)? = E? and consequently F? = (UUT)? = U?UT? = U?UE? = U?. Then
we conclude that A? < F'¢ = U? and hence A? = A?NU?% = (ANU)? = E?, so D¢ = E?. This is a
contradiction. We argue similarly if X = C, so this is impossible as well.
If X = F, then U? < F® = D? and moreover U? N D? = E?. Therefore U? = E?. With the same
argument T¢ = E?. It follows that E¥ = U UT? = (UUT)? = F? = D? and this is another
contradiction.
We deduce that D is the unique pre-image in My of D?. But we chose ¢ to be non-injective, and
therefore there must be an image with two distinct pre-images. We choose X1, Xo € My to be distinct
from D and from each other and such that X f = X;b .
Assume that X; € {S,T,U,V}. Then we choose some Y € {S,T,U,V} such that X; UY = F. We
now argue by excluding all possibilities for Xs.
Assume that Xo = E. Then F? = (X, UY)? = XY UY? = E¢UY? = (EUY)? = Y and therefore
D?UY? < F? =Y*? also D? < Y. This implies that D? = D*NY? = (DNY)? = E?, contrary to
the fact that D? has a unique pre-image. This means that Xy # E.
Next assume that X, # FE, but X; N Xy = E. Then let H := X, U X;. Then H? = (X; U X,)? =
XPUXY = X? = XY nX$ = (X1 N Xy)? = E?. It follows that E® < D¢ < H? = E? and thus
D? = E?. Again we have a contradiction.
Now we assume that X; < Xo. Then X3 € {A,C, F} whence D < X5. Therefore D? < Xg = X{b and
this means that (DN X,)? = D?N XY = D?. In particular DN X; = D whence X; € {A,C}, contrary
to our assumption.
So we have that X; ¢ {S,T,U,V} and, by symmetry, that Xo ¢ {S,T,U,V}. These arguments also
show that S¢, T?, U? and V¢ have unique pre-images in My. We recall that X; # D # X, by choice,
so the only possibilities are X1, Xs € {E, A,C, F}.
Again we assume that X; < X,. Then X5 € {A,C,F} and it follows as above that D N X; = D.
Thus X; € {A,C} and X, = F. Let Y € {T,U} be such that X; UY = F. Then X{ = XJ =
F? = (X, UY)? = X? UY? which means that Y¢ < X and Y¢ = E?. This contradicts the
fact that Y'® has a unique pre-image in My, by the previous paragraph. Therefore X; £ X, and, by
symmetry, also Xo £ X;. In particular X; and X, are both distinct from E and F', which means that
{X1, X} ={C, A}.
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Now F? = X? U XJ = X? = X? N XJ = D?, which is impossible. O

It follows from this that, if G is a direct product of two subgroups of coprime order, then G is My-free
if and only if these subgroups are Mg-free.

Theorem 4.5. Suppose that n € N and that G1, ..., G,, are subgroups of G of pairwise coprime orders
and such that G = Gy X ... x Gy,. For alli € {1,...,n} suppose further that G; is Lg-free or a Q§-group
or a {2,3}*-group. Then G is Mg-free.

Proof. This follows from Theorems 3.15 and 4.2 and the fact that My is subdirectly irreducible. [

Theorem 4.6. Suppose that G is My-free and let p,q € w(G). Then for all P € Syl,(G) and all
Q € Syly(G) we have that PQ = QP.

Proof. Assume that this is false and let G be a minimal counter-example. We choose P € Syl,,(G) and
Q € Syl,(G) such that PQ # QP and we fix this notation.

As G is My-free and hence Lig-free, Theorem 2.20 yields that G is soluble. Hence if we let IV be a
minimal normal subgroup of G, then there exists a prime r such that IV is an elementary abelian -
subgroup. The minimal choice of G implies that any two Sylow subgroups of G/N (for distinct primes)
commute. Therefore PNQ/N = QNP/N. Moreover G = (P, (), again by minimal choice of G, and
hence G = QNP = PNQ.

Next we notice that some conjugate Q1 of Q commutes with P, because G soluble. Then also G =
@Q1PN. In particular @1 P is an My-free subgroup of G in which @7 or P is normal, by Theorem 2.18.
Without loss we suppose that Q1 < Ng(P) (which means that PN <G) and we keep all this notation.

(1) p # r # ¢. In particular O,(G) =1 = O4(G), and @ and P act faithfully on N.

Proof. If r = p, then N < P and hence PQ = QP, but this is not the case. Similarly r # ¢. This also
implies that G has no non-trivial normal p- or g-subgroup.

We recall that 1 normalises P and hence it normalises Cp(N). Thus Cp(N) < Op(G) = 1. In
particular Cq, p(NN) has trivial Sylow p-subgroups and this implies that Cg, p(N) is a ¢-group. Being
normal in G, this subgroup is now contained in O4(G) and hence trivial. As ()1 is conjugate to @ in
G, we deduce that P and @ act faithfully on N. [ |

(2) @ and P act irreducibly on N or by inducing power automorphisms. In the power automorphism
case every element of Q% (or P#) acts without fixed points on N.

Proof. We look at QN. This is an Mg-free {g,r}-subgroup of G and hence Theorem 3.15 implies
that QN is Lg-free or a {2,3}*-group. In the second case @) induces power automorphisms as stated.
Now we consider the Lg-free case. As QN is not nilpotent by (1), we deduce from Theorem 2.25 that
Q = Qs. (Recall that N is elementary abelian.) Moreover N has order 2 and Q acts faithfully on it,
s0 @ is isomorphic to a subgroup of GLa(r). In particular the central involution z in @ inverts N.
Assume that @ normalises a subgroup N; of N of order r. As r — 1 = 2 modulo 4, it follows that z
fixes some element of N1# rather than inverting it. So this is impossible and we conclude that @ acts
irreducibly on N.

Now suppose that @ acts by inducing power automorphisms on N. Then these are universal and (1)
implies that @@ acts without fixed points on N. The same arguments for the group PN prove the
assertion for P. ]
(3) Ifz € N# thenQNQ*=1and PP NP =1.

Proof. We apply Lemma 2.7 to N. If z € N#, then the lemma yields that Q N Q% = Cg(z). But (2)
forces Cg(z) = 1. Similarly P N P* = Cp(z) = 1, so the proof is finished. [ |

(4) Suppose that a,b € N are such that Q% and Q® normalise P. Then a = b. If z,y € N are such
that @ normalises P* and PY, then z = y.
Proof. Let ¢ := ba~! and P, := P* '. Then by hypothesis (@, Q) < Ng(P;). Assume that ¢ # 1 and
let u € Q7. Then v:=u"'-u®= (¢ )% c€ Ng(P)NN.Ifv=1,then 1 # u=u® € QNQ° and (3)
forces ¢ = 1, which is a contradiction. Therefore v # 1.
We have that [P1,v] < Py N = 1. In particular P; does not act irreducibly on N, so by (2) it induces
power automorphisms. Then P also induces power automorphisms on N and every element of P#
acts without fixed points on N. Then the same holds for P;, and hence [Py, v] = 1 forces v = 1. So ¢
centralises u, i.e. u € @ N Q°. Then (3) forces ¢ = 1, which is a contradiction.
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Next let z,y € N be such that @ normalises P and PY. Then @ and Qy_l"” normalise P* and so the
first part of the proof gives that x = y. ]
(5) There is some y € N# such that G = (Q, P) = (Q¥, P¥) = (QY, P) = (Q, PY).

Proof. The coprime action of @ on PN yields (see for example 8.2.3 in [3]) that there exists some
x € N such that Q < Ng(P*). Moreover @ does not normalise P by assumption, so z # 1. Since
[P,N] # 1 # [Q, N], we have that |N| > 3 and hence there is y € N# such that  # y # 2~ !. Then Q
does not normalise PY and Q¥ normalises only P*Y. The choice of y and x implies that P # P*Y # PY.
Hence we see that G = (Q, P) = (QY, PY) = (QY, P) = (Q, PY). [ |
Let y € N# be as in (5) and let Y := (y). We know that P and Q act irreducibly or by inducing power
automorphisms on N, by (2). This gives three cases to look at, two of which we can treat together.
We proceed by constructing a lattice isomorphic to My in L(G), giving a contradiction. For these
constructions we note that (5) and the choice of y imply that one of P, PY and one of @, Q¥ generate

G.

First assume that both groups induce power automorphisms. Then they normalise the group ¥ < N
and hence Y < G. But we chose N to be a minimal normal subgroup of G, so N =Y and hence P and
@ also act irreducibly on N.

We look at L :={1,P, PY, N,Q,QY, PN,QN,G}.

By (3) any two of the groups N, P, PY,Q and QY intersect trivially. Moreover PN N NQ = N and
G = (PN,QN). Then (3) and the irreducible action imply that (Q,QY) = QN and (P, PY) = PN.
Thus L is isomorphic to My, which is a contradiction.

Finally, without loss, @ acts irreducibly on N and P acts by inducing power automorphisms. Then we
set L:={1,P,P¥,Y,Q,QY, PY,QN,G}.

Again by (3) any two of the groups Y, P, PY, @ and QY intersect trivially. Moreover PY N NQ =Y
and G = (PY,QN). We also see that (Q,QY) = QN and (P, PY) = PY. Once more we conclude that
L is isomorphic to My, which is impossible. O

Theorem 4.7. Suppose that G is Mg-free. Then there are n € N and subgroups Gi,...,Gy, of G of
pairwise coprime orders such that the following hold:

(i) G=G1 x ... x Gy and

(ii) for all k € {1,...,n} the group Gy, is Lg-free or a Q§-group or a {2,3}*-group.

Proof. Assume that this is false and choose G to be a minimal counter-example. Then G is not nilpotent
because otherwise Lemma 2.10 yields that G is a direct product of Lg-free groups of pairwise coprime
orders. In particular |G| has at least two distinct prime divisors.

We also know that G is soluble by Theorem 2.20.

(1) Suppose that p,q € 7(G) and let Q € Syl,(G) and P € Syl,,(G). Moreover let z,y € G. Then P*QY
is a subgroup of G that is conjugate to PQ in G.
Proof. Theorem 4.6 yields that PQ and P*QVY are subgroups of G. In fact they are Hall {p,q}-
subgroups of G. As G is soluble, it follows that these subgroups are conjugate in G. (See for example
6.4.7 in [3].) ]
(2) Suppose that p,q € 7(G) and let Q € Syl,(G) and P € Syl,(G). If @ is not normal in G, then @
normalises P.
Proof. Assume that Q € Ng(P). We know from Theorem 4.6 that PQ = QP and by hypothesis PQ
is Mg-free. Thus Theorem 2.18 forces @@ < PQ. With Corollary 3.17 we see that PQ = (P* | z € Q).
Let g € G and x € Q. Then it follows from (1) that P*Q9 is conjugate to PQ in G. In particular
Q7 4 P*Q9 and therefore Q < (P | z € Q) < Ng(Q9). As Q, Q9 €Syl,(G), this is only possible if
@ = QY. But this implies that Q < G, contrary to our hypothesis. [ ]
Now we set up some notation for the remainder of the proof.
We already argued that G is not nilpotent, so we fix a prime ¢ € 7(G) and Q € Syl,(G) such that Q is
not normal in G. The solubility of G yields that we find a Hall ¢’-subgroup X of G. As X is My-free
and G is a minimal counter-example to our theorem, there exist n € N and subgroups Y, X3, ..., X, of
X of pairwise coprime order such that X =Y x X; x --- x X,, and such that Y is Lg-free and each
of the groups Xy, ..., X, is a {2,3}*-group or a @Q§-group. Now, according to Theorem 2.29, let k € N
and Y7, ..., Y, be subgroups of Y of pairwise coprime order such that Y =Y; x --- x Y} and such that
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each of these subgroups is a p-group or a {2, p}-group satisfying Lemma 2.23 (iv) (b) (for a suitable
prime p) or a A*-group.

Using (2) we see that every Sylow subgroup of X is normalised by @ and hence Q@ < Ng(X). So X 4G,
but we also know for all ¢ € {1,...,n} and j € {1, ..., k} that X; <G and Y; < G. In particular all X;Q
and all Y;Q are subgroups of G.

(8) Foralli € {1,...,n} and j € {1, ..., k} we have that [X;,Q] # 1 and [Y;,Q] # 1.

Proof. Assume otherwise and without loss assume that @ centralises X;. Let W := X5 x --- X,,.
As @, Y and X; normalise W, it follows that QW is a normal subgroup of G. The minimal choice
of G forces QW to be a direct product of subgroups of pairwise coprime orders that are Lg-free or
{2,3}*-groups or Qg-groups, respectively. But X; < G and the orders of QW and X; are coprime,
therefore G =Y x X7 x QW. Moreover Y is Lg-free and X7 is a {2,3}*-group or a @¥-group. This
contradicts our choice of G as a counter-example.

We argue in a similar way if @) centralises Y7: Then Q and X normalise Wy := Y5 X -+ - Y}, so QWy <
Gand G =Y, x QWy x X1 X -+ X X,,. By minimality QW is a direct product of subgroups of
pairwise coprime orders that are Lg-free or {2,3}*-groups or Q§-groups, respectively. Again this is a
contradiction. ]

(4) If j € {1,...,k}, then there exists a prime number p; such that Y; is a Sylow p;-subgroup of G.
Moreover n = 0 and all subgroups Y; are modular.

Proof. Assume that n # 0 and let ¢ € {1,...,n}. We recall that X; is a {2,3}*-group or a Q§-group.
In both cases (following from the definition) there exist m € N, pairwise distinct prime numbers
8,71, ..., Tm, an s-subgroup .S, an ri-subgroup Ri,..., and an r,,-subgroup R,, of X; such that X; =
S(Ry X ... X Ry,) and S is not normal in X;. Let R := Ry X ... X R;,. Then Corollaries 4.3 or 2.28
(depending on the case) imply that X; = (SY | y € R). We note that |S| is coprime to the orders
of R,Y,Q and every subgroup X; where [ # i. This implies that S € Syls(G). If y € R, then SY is
not normal in RSY and hence it is not normal in G. So we may apply (2) to SY and this yields that
SY normalises ). Conversely @ normalises SY, again using (2). But then [SY,Q] = 1. Tt follows that
[X;, Q] = 1, contrary to (3). Thus n = 0.

Next let j € {1,...,k}. Let p; € 7(Y;) and assume that Y; is not a pj-group. Then Yj is a {2, p; }-group
satisfying Lemma 2.23 (iv) (b) or a A*-group, so we argue similarly to the previous paragraph. In both
cases there exist m € N, pairwise distinct prime numbers s, 71, ..., 7y, an s-subgroup S, an r1-subgroup
Ry,..., and an r,-subgroup R,, of Y; such that ¥; = S(R; X ... x R,;,) and S is not normal in Yj.
Let R:= Ry X ... x R,,. Then Y; = (8% | a € R), S €Syls(G) and (2) yields that [S*, Q] = 1. Hence
[Y;, Q] = 1, contrary to (3).

Now Y; is a p;-group and we recall that p; does not divide the order of () and of the subgroups Y,
where [ # j. In fact Y; €Syl, (G) and Y; is Mo-free, hence modular (see Theorem 2.9 and Lemma
2.10). m

(5) There is at most one index j € {1,...,k} such that Y;Q is not Lg-free.

Proof. Assume otherwise and assume without loss that Y7Q and Y>@Q are both not Lg-free. Then
Theorem 3.15 is applicable by (3) and it yields that Y7 and Ys are 3-groups. But these groups have
coprime order, so this is impossible. [ ]

(6) Suppose that ¢ € {1,...,k} is such that Y;Q is not Lg-free. Then @ = Qg and the action of @ on
Y; is not faithful.

Proof. First Lemma 3.2 implies that @ is not cyclic. Moreover @ is a 2-group by Theorem 3.15. As
G is a counter-example, it follows that G # Y;@Q and hence there exists some j € {1,...,k} such that
i # j. Using (5) we deduce that Y;Q is Lg-free. As @) is a 2-group, we know that Y; is not a 2-group
and hence Theorem 2.14 gives that Y; is not hamiltonian. Then we deduce from Theorem 2.25 that
Q = Qs (because @ is not cyclic). The remainder follows from Corollary 3.10. [ ]

(7) Let 4,5 € {1,...,k} be such that ¢ # j. Then Cq(Y;) # Co(Yj).
Proof. Assume that this is false, and without loss C (Y1) = Cg(Y2). By (5) we may suppose that
Y1Q is Lg-free. If Y5@Q is not Lg-free, then (6) yields that @ = Qg and that @ does not act faithfully
on Y5. Then by assumption it also acts non-faithfully on Y;. But this contradicts Lemma 2.23. Thus
Y5Q is also Lg-free.
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Now we consider Cg(Y7). This is a proper subgroup of @ by (3) and hence we may choose a subgroup
Q1 of @ such that Cp(Y1) < Q1 and |Q1 : Co(Y1)| =¢.

Assume that Q1 = Qg. Then Case (iv)(b) of Lemma 2.23 holds (applied to Y1Q1) and so Q1 acts
faithfully on Y7, whereas |Cg(Y1)| = 4. This is impossible. Thus Theorem 2.25 yields that (), is cyclic
and that Case (iv)(a) of Lemma 2.23 or Case (i) of Lemma 2.24 holds. In particular all subgroups of
@1 are normal in Q1. With notation as in (4) we may suppose that p; > pa, because Y; and Y> have
coprime order. In particular p; > 3 and hence Y] is elementary abelian, and Y5 is elementary abelian
or isomorphic to Qg. (Moreover in the elementary abelian case ()1 acts irreducibly or by inducing
power automorphisms.) In the power automorphism case we will use the fact that Q)1 normalises every
subgroup of prime order and hence acts irreducibly on every such subgroup.

If Y5 is elementary abelian, then we choose normal subgroups N; of Y7 and N5 of Y5 such that @ acts
non-trivially and irreducibly on both of them, and we consider the group (N1 x N2)Q1/Cq, (Y1).
Then we let M1 = Nlch (Yl)/CQl (Yl), M2 = N2CQ1(Y1)/CQ1 (Yl) and H := QI/CQl (Yl)

If Yo = Qg, then we choose N7 as before and we consider (N1 xY2)Q1/Z(Y2)Cg, (Y1). Then we let M; :=
N Z(Y2)Cq, (Y1)/Z(Y2)Cq, (Y1), My :=Y3Cq, (Y1)/Z(Y2)Cq, (Y1) and H := Q1Z(Y2)/Z(Y2)Cq, (Y1).
In both cases we have that |H| = ¢, that M; is a pj-group and My is a pa-group and that H acts
non-trivially and irreducibly on M; and on Ms.

Since (M x Ms)H is a section of G, it is Mo-free by hypothesis. Now we will find a contradiction by
constructing a lattice isomorphic to My in the following way:

We set A:= MH, C := MsH and D := H= ANC. Since p; > 3 and H is not normal in A, we find
subgroups S and T of A that are conjugate to H, but distinct from H and from each other. All these
groups have order ¢ and hence intersect pairwise trivially. It follows from the irreducible action of H
on M, that any two distinct members of {S,T, H} generate A.

Now we argue in C, with the aim to find subgroups U,V of C that are conjugate to H and distinct
from it and from each other. This is clear if py > 3. Otherwise po = 2 and the non-trivial action of H
on My forces |Ma| > 2, so My is elementary abelian of order at least 4 and () does not centralise any
element in MQ# . Again we find the desired conjugates of H.

Now (H,U) =(U,V) = (H,V) =C.

We also know that U acts irreducibly on M; and on Ms. Therefore MU and MU = C are the unique
maximal subgroups of (M; x Ms)H that contain U. But MiUNA = M; and MbUNA=CNA=H
and this means that neither S nor T is contained in one of these maximal subgroups.

In a similar way we deduce that (S,V) = (T,V) = (M; x M)H and this means that the lattice
generated by {1,5,T,U,V, D, M1H, MoH, (M; x My)H} is isomorphic to M.

This is a contradiction. [ |
(8) There is a unique 4 € {1, ..., k} such that Y;Q is not Lg-free.

Proof. Assume otherwise. Then there is no such index ¢ by (5) and in particular Y;Q is Lg-free.
We know from Theorem 2.25 that @ is cyclic or isomorphic to Qg. If @ is cyclic, then Y1Q is as in
Lemma 2.23 (iv) (a) or as in Lemma 2.24 (i). Hence it satisfies Definition 2.27. The same holds for
Y2Q, ..., Y Q (if they exist). But then (7) implies that G is a A*-group, hence Lg-free, and then G
satisfies the conclusion of the theorem. This is false.

This means that @ = Qs. It follows from Lemma 2.23, for all j € {1,...,k}, that @ acts faithfully on
Y;. Then (7) forces k =1, so G = Y1Q and this is again a contradiction. [ |
Using (8) we suppose that Y1@Q is not Lg-free. Then it follows from (6) that @ = Qg, and Theorem
3.15 implies that Y7 is a normal 3-subgroup of G. As G is a counter-example, we have that k > 2.
Using Theorem 2.25 we deduce that @ acts faithfully on Y7, and (7) implies that k£ = 2. Consequently
G = Q(Y1 x Y3), and this is the structure of a Q§-group. However, this contradicts our choice of G as
a counter-example. O

Theorem 4.8. The group G is My-free if and only there are n € N and subgroups G1,...,G,, of G of
pairwise coprime orders such that the following holds:

(i) G=G1 X ... x Gp;
(ii) for all k € {1,...,n} the group Gy, is Lg-free or a Q§-group or a {2,3}*-group.

Proof. This follows from Theorems 4.5 and 4.7. g
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